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research is t o  d e v e l o p  a u n i f i e d  c o n s t i t u t i v e  mode l  
f o r  h i g h  t e m p e r a t u r e  s u p e r a l l o y s  u s e d  i n  modern gas 
t u r b i n e s .  T h e  f o r m u l a t i o n  w i l l  b e  c o n s i d e r e d  successfu l  i f :  ( 1 )  t h e  
r e s u l t i n g  f o r m u l a t i o n  i s  e f f i c i e n t  f o r  n u m e r i c a l l y  i n t e n s i v e  computat ion 
such  as found i n  n o n l i n e a r  f i n i t e  e l e m e n t  m o d e l s ,  ( 2 )  t h e r e  i s  a d i r e c t  
c o r r e s p o n d e n c e  b e t w e e n  t h e  m a t e r i a l  pa rame te r s  and expe r imen ta l  data, and 
(3) t he  r e s u l t i n g  f o r m u l a t i o n s  a r e  r e a s o n a b l y  a c c u r a t e  f o r  a v a r i e t y  of 
l o a d i n g  condi  t i o n s .  
Two u n i f i e d  i n e l a s t i c  s t a t e  v a r i a b l e  c o n s t i t u t i v e  m o d e l s  h a v e  b e e n  
e v a l u a t e d  f o r  u s e  w i t h  t h e  damage parameter proposed by Kachanov [ l ] .  The  
f i r s t  is t h e  model of Bodner and Partom [2,3] i n  which ha rden ing  i s  m o d e l e d  
t h r o u g h  t h e  u s e  of a s i n g l e  s t a t e  var iab le  t h a t  is similar t o  drag stress. 
The o t h e r  c o n s t i t u t i v e  model  i s  a n  e x t e n s i o n  o f  t h e  Bodner -Pa r tom f low 
p r o p o s e d  by Ramaswamy [ 4 ]  t h a t  employs both  a drag stress and back stress. 
T h i s  e x t e n s i o n  has  b e e n  s u c c e s s f u l  f o r  p r e d i c t i n g  t h e  t e n s i l e ,  c r e e p ,  
f a t i g u e ,  t o r s i o n a l  a n d  n o n p r o p o r t i o n a l  r e s p o n s e  o f  Rene '  80 a t  s e v e r a l  
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t e m p e r a t u r e s .  I n  both f o r m u l a t i o n s  a cumulat ive damage parameter i s  
introduced t o  model the changes i n  material properties due t o  the formation 
of microcracks and microvoids tha t  ultimately produce a macroscopic crack. 
Calculations have shown that  the drag stresddamage model is reasonable  f o r  
p r e d i c t i n g  t h e  t e n s i l e  and creep responses of IN100 a t  1350°F and Rene' 95 
a t  1200°F, b u t  the model is not e n t i r e l y  s a t i s f a c t o r y  f o r  p r e d i c t i n g  t h e  
c y c l i c  r e s p o n s e  of t h e s e  m a t e r i a l s .  I n  t h i s  s t u d y  a back s t r e s s / d r a g  
stress/damage model has been evaluated f o r  Rene' 95 a t  1 2 0 0 O F  and i s  shown 
t o  predict  the t e n s i l e ,  creep, and cyclic loading responses reasonably well. 
11. Drag Stress/Damage Model 
The i n i t i a l  phase of t h i s  r e s e a r c h  is  based on a cons t i tu t ive  model 
using only one hardening var iab le ,  Z, t o  s i m u l a t e  t h e  drag s t r e s s  of t h e  
m a t e r i a l  and a damage v a r i a b l e ,  w ,  t o  model t h e  changes i n  the material  
properties due the formation of microcracks and microvoids. The i n e l a s t i c  
flow equation of Bodner was used i n  the following form 
where S 1s t h e  devfatoric s t r e s s  tensor and J, = S Sij. The value of n 
i j  i j  
controls  s t r a i n  r a t e  s e n s i t i v i t y  and Do is t h e  l i m i t i n g  s t r a i n  r a t e .  The 
e v o l u t i o n  e q u a t i o n s  f o r  t h e  s t a t e  v a r i a b l e s  Z and w were developed u s i n g  
the Hemholtz f r e e  energy a s  potent ia l  function s imilar  t o  t h e  work i n  [ 7 ] .  
T h e  r e s u l t s  show t h a t  t h e  f l o w  law and e v o l u t i o n  e q u a t i o n s  a r e  
thermodynamically associated and a r e  not f r e e  t o  be derived independently. 
The damage parameter, a s  proposed by Kachanov, was defined t o  ex is t  on 
the interval  [0 ,1 ] .  A value of zero represents no damage and a value of one 
f o r  w d e n o t e s  complete f a i l u r e .  C a l c u l a t i o n s  f o r  Rene' 95 and IN100 
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i nd ica t ed  t h a t  a . v a l u e  f o r  t h e  damage s t a t e  v a r i a b l e  of  much less t h a n  one  
corresponds t o  f a i l u r e .  
The va lues  of the material c o n s t a n t s  and i n i t i a l  v a l u e  o f  t h e  s t a t e  
v a r i a b l e s  were d e t e r m i n e d  from e x p e r i m e n t a l  d a t a  t h a t  was obtained i n  a 
previous s tudy .  The experimental  work was conducted by the  A i r  Force Wright 
A e r o n a u t i c a l  L a b o r a t o r y ,  WPAFB, Ohio and Mars-Test Inc . ,  C inc inna t i ,  Ohio 
[5,6]. The c o r r e l a t i o n  of t h e  c o n s t i t u t i v e  mode l  t o  e x p e r i m e n t a l  
o b s e r v a t i o n s  of monotonic  t e n s i l e  and c r e e p  tes ts  on IN100 a t  1350°F and 
Rene' 95 a t  1200°F was very good. 
shown i n  F igures  1 and 2.  
The c a l c u l a t e d  r e s p o n s e  f o r  IN100 is 
E x t e n d i n g  t h e  d r a g  s t r e s s i d a m a g e  m o d e l  t o  p r e d i c t  f a t i g u e  l o o p  
responses  was not  completely success fu l .  The model appeared t o  have t r o u b l e  
cap tu r ing  the shape of  t h e  f a t i g u e  loop. Th i s  shortcoming i s  p o s s i b l y  due  
t o  how t h e  s t a t e  v a r i a b l e  Z q u a n t i f i e s  d i s l o c a t i o n  movements f o r  a 
p a r t i c u l a r  type  of loading.  Drag stress is me ta l lu rg ica l ly  a s s o c i a t e d  w i t h  
t h e  r e t a r d a t i o n  of d i s l o c a t i o n  movement due  t o  t h e  i n t e r a c t i o n  w i t h  
precipi ta tes  which r e s u l t s  i n  d i s l o c a t i o n  jogs o r  looping for example. Back 
stress is associated with t h e  pile-up of d i s l o c a t i o n s  a t  a barrier, such as 
a g r a i n  boundary, which cannot be overcome. During c y c l i c  l oad ing  t h e  back 
s t ress  o s c i l l a t e s  w i t h  t h e  a p p l i e d  l o a d  w h i l e  t h e  d r a g  stress e i t h e r  
i n c r e a s e s  m o n o t o n i c a l l y  o r  r e m a i n s  e s s e n t i a l l y  c o n s t a n t .  S i n c e  t h e  
d i s l o c a t i o n  movement was o n l y  in one  d i r e c t i o n  f o r  t h e  t e n s i l e  and creep  
t e s t s ,  the c o n t r i b u t i o n s  of t he  d r a g  stress and b a c k  stress t o  t h e  t o t a l  
r e s i s t a n c e  o f  d i s l o c a t i o n  motion could be s imulated by one s ta te  v a r i a b l e  
monotonically inc reas ing  t o  a s teady s t a t e  value.  Although t h i s  lumping  of 
r e s i s t a n c e s  t o  d i s l o c a t i o n  mot ion  worked well f o r  monotonic loadings ,  it 
appears  inadequate  f o r  c y c l i c  loadings.  
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111. Drag Stress/Back Stress/Damage Model 
Based on the metallurgical considerations given above and t h e  s u c c e s s  
of t h e  drag s t r e s s l b a c k  s t r e s s  model proposed by Ramaswamy f o r  predicting 
the fa t igue  response of Rene' 80, a drag stress/back stress/damage model is 
proposed. The drag s t r e s s  s c a l a r  Z s imulates  long term cycl ic  hardening 
while t h e  back s t r e s s  t e n s o r  Q i j  models t h e  s h o r t  term s t r a i n  o r  work 
hardening. The governing equations are:  
I n e l a s t i c  Flow Equation, 
Back S t r e s s  Evolution Equation, 
Drag S t r e s s  Evolution Equation, 
i = m(z,-z)$ 
Damage Evolution Equation, 
. * I T  
= gzcmax 
and 
Back S t r e s s  Relaxation Equation 
(Sij-nij)(S -Q. 1. where K, - I n  the back stress evolution equation f ,  and 
i j  lj 
f ,  a r e  material constants. I n  the drag s t r e s s  evolution equation t h e  va lue  
of m c o n t r o l s  the hardening r a t e ,  Z ,  is the saturated value of Z ,  and is 
the i n e l a s t i c  work r a t e .  The parameter g, i n  the damage evolution e q u a t i o n  
is a m a t e r i a l  f u n c t i o n  and damage growth is assumed t o  be proportional t o  
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t h e  maximum p r i n c i p a l  t e n s i l e  i n e l a s t i c  s t r a i n  ra te  *IT .. max E I n i t i a l l y  damage  
is a s s u m e d  t o  be a b s e n t  i n  t h e  material before l o a d i n g .  I n  t h e  back stress 
r e l a x a t i o n  e q u a t i o n  OS is t h e  s t e a d y  s t a t e  v a l u e  of t h e  back stress, Osat is 
t h e  maximum s a t u r a t e d  v a l u e  of t h e  back stress o b s e r v e d  i n  u n i a x i a l  t e n s i l e  
tes ts ,  t h e  c o n s t a n t  uo is i n t r o d u c e d  t o  n o n d i m e n s i o n a l i z e  stress, a n d  B a n d  
r are material c o n s t a n t s  t o  c o n t r o l  the  time dependence .  The p roposed  model 
r e d u c e s  t o  t h a t  of Ramaswamy for  = w = 0. 
I n  u n i a x i a l  l o a d i n g  R e n e t  95 r e s p o n s e  d i s p l a y s  t e n s i o n - c o m p r e s s i o n  
asymmetry as shown i n  F i g u r e  5. A t  c o n s t a n t  s t r a i n  r a t e  t h e  c o m p r e s s i v e  
t es t s  s a t u r a t e  a t  a h i g h e r  magn i tude  of stress t h a n  do t h e  t e n s i l e  tests. 
T h e  e x p e r i m e n t a l  f a t i g u e  r e s p o n s e  a s  g i v e n  i n  F i g u r e  9 f o r  e x a m p l e  shows 
t h a t  f o r  t h e  same l e v e l  of s tress t h e  t e n s i l e  s t r a i n  is l e s s  t h a n  t h e  
c o m p r e s s i v e  s t r a i n .  I t  is also shown i n  [ S I  t h a t  t h e  minimum c r e e p  r a t e s  
o b s e r v e d  i n  compress ion  are  much less t h a n  those i n  t e n s i o n  a t  c o r r e s p o n d i n g  
v a l u e s  of stress. These  p i e c e s  of i n f o r m a t i o n  are  used  t o  s u b s t a n t i a t e  t h a t  
a h i g h e r  i n i t i a l  v a l u e  of h a r d n e s s  for  t h e  material i n  compress ion  t h a n  in 
t e n s i o n .  For t h e  u n i a x i a l  e x e r c i s e  t h i s  asymmetry was i n c l u d e d  i n  the model 
b y  h a v i n g  two d r a g  stress s t a t e  v a r i a b l e s ,  Z+ and Z-similar t o  k i n e m a t i c  
h a r d e n i n g  components .  The c o r r e s p o n d i n g  e v o l u t i o n  e q u a t i o n s  are: 
T e n s i l e  Drag Stress E v o l u t i o n  Equa t ion ,  
i+ = m (z,-z > W  
and 
Compress ive  Drag Stress E v o l u t i o n  E q u a t i o n ,  
i- = m (z,-z > W  . 
+ + +.I 
- - I  - -  
(7 )  
(8) 
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+ When the s t r e s s  is greater  than zero Z = Z  and when the s t r e s s  i s  l e s s  than  
.+ 
ze ro  Z-Z- .  
than zero and the i- equation was only ac t ive  f o r  s t resses  l e s s  than zero. 
I V .  Evaluation of Material Parameters 
The Z evolution equation was only act ive for  s t r e s ses  greater  
+ The va lues  of D o ,  n ,  n m a x ,  Z ,  and Zi were f o u n d  u s i n g  a non l inea r  
regression analysis of the ine l a s t i c  s t r a i n  r a t e s  corresponding t o  saturated 
s t r e s s  levels  observed i n  t h e  t e n s i l e  t e s t s .  The values  of t h e  m a t e r i a l  
+ 
c o n s t a n t s  f l ,  f , ,  m and m- were determined using an i t e r a t i v e  computer 
program w i t h  t h e  t e n s i l e ,  c reep ,  and c y c l i c  t e s t  da ta  a s  i n p u t s .  The 
program i t e r a t e d  u n t i l  i t  converged on s t a b l e  values  fo r  these material 
+ constants. For Rene'95 a t  1200OF the values of Z, and Z; a r e  equal. 
T h e  damage f u n c t i o n ,  g , ,  was determined a s  the f i n a l  s tep a f t e r  a l l  
other constants had been found. The damage growth was eva lua ted  from t h e  
t e r t i a ry  creep response fo r  small values of accumulated ine las t ic  s t r a i n  and 
the long term fat igue response corresponding t o  large values of accumulated 
i n e l a s t i c  s t r a i n .  Using both the creep and cycl ic  t e s t s  t h e  values of g,, 
re la t ing  damage t o  the accumulated ine l a s t i c  s t r a i n ,  were found a s  shown i n  
F igure  3 .  T h i s  damage curve demonstrates tha t  the greatest  damage growth 
occurs  e a r l y  i n  t h e  loading  of t h e  spec imen  and t h e  r a t e  of damage 
accumulation approaches a steady-state value rather  rapidly. 
The maximum value of t h e  back s t r e s s  is  observed i n  t h e  s h o r t  time 
t e n s i l e  t e s t s  when t h e  stress saturates .  During long time loading such as  
creep, the maximum value of the back s t r e s s  has a lower value than t h a t  i n  
t h e  s h o r t  time t e s t s .  T h i s  lower value was seen by Ramaswamy [ 4 ]  f o r  Rene' 
80 a t  1400OF and 1600OF. T h i s  reduced back s t r e s s  value i s  a l s o  p re sen t  i n  
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Rene' 95 a t  1200OF. Figure 4 shows how the maximum back s t r e s s  Cis decreases 
from the maximum value Q as  a function of t h e  a p p l i e d  s t r e s s .  Without 
t e s t  data t o  f o r  substant ia t ion a lower bound has been a r t i f i c i a l l y  imposed. 
The value of u o  was a r b i t r a r i l y  chosen a s  200 K s i  t o  nondimensionalize 
s t r e s s .  S i n c e  t h e  t ime r e q u i r e d  f o r  a given creep t e s t  t o  reach a s t a b l e  
back s t r e s s  can be observed, the  v a l u e s  of B and r were determined b y  a 
l i n e a r  regression of the back s t r e s s  relaxation equation and the t e s t  da ta .  
V .  Comparisons of Experimental and Calculated Results 
s a t  
The s t r a i n  r a t e  control t e s t  data f o r  Specimens 1-1 and 6-1 i n  Figure 6 
show that  the s a t u r a t i o n  s t r e s s  f o r  Rene' 95 is e s s e n t i a l l y  s t r a i n  r a t e  
independent.  The model p r e d i c t i o n s  show a small  amount of s t r a i n  r a t e  
dependence; however the predictions a r e  reasonable f o r  both the s t r e s s  r a t e  
controlled and s t r a i n  r a t e  controlled t e s t s .  
The comparison of the observed and predicted creep response is shown i n  
F i g u r e  7 .  The c r e e p  s t r e s s e s  r a n g e  from 1 4 6  Ksi t o  175 K s i .  The 
experimental  d a t a  i s  ordered except  f o r  t h e  1 4 6  Ksi t e s t .  The model 
p r e d i c t s  r e a s o n a b l y  w e l l  t h e  p r i m a r y ,  secondary,  and t e r t i a r y  c reep  
responses f o r  a l l  of the t e s t s  except the 1 4 6  Ksi t e s t .  The s l i g h t  d i p  i n  
t h e  p r e d i c t e d  c r e e p  response connect ing the secondary and t e r t i a r y  creep 
r e g i o n s  is  a consequence of matching t h e  c o n s t a n t s  i n  t h e  back s t r e s s  
relaxation equation w i t h  the damage growth equation. However, once the back 
s t r e s s  is s tab i l ized  the model predictions a r e  p a r a l l e l  t o  the experimental  
creep responses. 
A typical  s t r e s s  control cycl ic  t e s t  is shown i n  Figures 8 and 9 .  The 
p r e d i c t e d  and experimental peak s t r a i n s  a s  a function of time a r e  shown i n  
F i g u r e  9 .  The experimental  t e n s i l e  peak s t r a i n  is  observed  t o  r e m a i n  
r e l a t i v e l y  c o n s t a n t  while the  compressive peak s t r a i n  decreases w i t h  each 
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add i t iona l  loop u n t i l  a s t e a d y  s t a t e  r e s p o n s e  is r eached .  The o b s e r v e d  
e r r o r  i n  t h e  model p red ic t ion  is  due t o  a combination of f a c t o r s .  However 
s i n c e  t e s t  5-3,  Ref. c 5 ] ,  is f o r  a s t r e s s  range of f 168 Ksi t he  deformation 
is w e l l  i n t o  t h e  p l a s t i c  r a n g e .  I t  can be seen from the  t e n s i l e  t e s t s  i n  
F i g u r e  6 t h a t  a s m a l l  d e v i a t i o n  in t h e  peak s t r e s s  p r o d u c e s  a l a r g e  
v a r i a t i o n  in t h e  p r e d i c t e d  t e n s i l e  p e a k  s t r a i n .  S i n c e  t h e  t r e n d s  a r e  
c l e a r l y  c o r r e c t  t h e  p r e d i c t e d  t e n s i l e  s t r a i n  is c o n s i d e r e d  a c c e p t a b l e .  
F i g u r e  8 shows how t h e  s h a p e  of t h e  f a t i g u e  loop changes w i t h  i nc reas ing  
cyc les .  A displacement l i m i t  of 0.02 i n / i n  was defined a s  f a i l u r e  s i n c e  t h e  
model  d o e s  n o t  i n c l u d e  a c r i t e r i a  f o r  t h e  t r a n s i t i o n  f r o m  damage 
a c c u m u l a t i o n  t o  c r a c k  g rowth .  T h e  m o d e l  has b e e n  u s e d  t o  p r e d i c t  t h e  
f a t i g u e  l i f e  up  t o  cracking f o r  two s t r e s s  con t ro l  tests 5-3 and 3-6 of Ref. 
[5] a t  k168 Ksi and +158 K s i ,  r e s p e c t i v e l y .  I n  these  c a l c u l a t i o n s  t h e  
damage  g r o w t h  a p p e a r s  t o  b e  r e a s o n a b l y  a c c u r a t e .  A d d i t i o n a l  f a t i g u e  
c a l c u l a t i o n s  w i l l  b e  made i n  t h e  f u t u r e  t o  f u r t h e r  e v a l u a t e  t h e  model.  
F i n a l l y ,  f u t u r e  work t o  use t h e  model t o  p red ic t  t h e  ma te r i a l  deformation t o  
combined creep and c y c l i c  loadings is planned. 
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